Abstract-Higher order sectorization (HOS), which splits macrocells into a larger number of smaller sectors, are receiving significant interest as a cost-effective means of improving network capacity. Potentially, the capacity gain with HOS is proportionally linear to the number of sectors per cell due to spatial reuse, but factors such as non-ideal antenna radiation patterns together with inter-cell interference can significantly reduce this capacity gain. We develop a statistical model to theoretically characterize the performance of HOS deployments in wireless networks using orthogonal frequency division multiple access. Moreover, a fractional frequency reuse scheme is considered, which aids to mitigate inter-cell interference. The model provides a fast and effective tool for studying network performance in terms of user signal quality, site throughput, and outage probability, and it can be used to speed up network planning and optimization. In addition, we consider the impact of user classification methods in the analysis, and propose a new spectrum efficiency-based user classification method that improves resource utilization and allocation fairness. Performance results indicate that the proposed model is accurate, and shows a diminishing performance gain of HOS deployments with the number of sectors. The proposed user classification method improves network performances with respect to the state-of-the-art approaches.
techniques, coordinated resource management and inter-cell interference mitigation, the usage of HOS is receiving significant interest in the cellular community [1] [2] [3] [4] [5] . With HOS deployments, macrocells are split into a larger number of smaller sectors by using of a large number of directional antennas per base station (BS). This facilitates spectrum reuse and increases the network capacity.
In the baseline configuration of cellular networks, macrocell BSs are usually equipped with 3 sectors. HOS with 6, 12 or even more sectors per macrocell BS have the potential of enhancing network capacity by exploiting spatial reuse without incurring significant capital and operational expenditures compared to deploying new macrocell BSs or frequency carriers. However, HOS also come with their own challenges in terms of hardware development, inter-cell interference and mobility management, and there are a number of research questions that need to be addressed before HOS can be considered as a solid candidate technology for the next generation of cellular technologies.
The applicability of HOS to conventional macrocellular networks has been the subject of a large body of research in previous years, in both code division multiple access (CDMA) and OFDMA networks, e.g., [7] , [9] [10] [11] [12] [13] [14] [15] .
In CDMA networks, the performance gain of HOS due to higher order diversity with fixed antennas beams was analysed in [7] . In [9] , the performance of a real WCDMA network with 6-sector BSs and fixed antennas beams was evaluated under non-homogeneous network deployments. In [10] , similar use cases as in [9] were investigated considering smart antennas.
In the last decade, OFDMA has been used in several cellular network and mobile broadband standards, including the downlink of the LTE and Mobile-WiMAX. Due to its different physical layer, the findings of [7] , [9] , [10] do not apply. In OFDMA networks, the performance gain of HOS with multiple antennas was evaluated in [11] . In [12] , the HOS performance was compared with that of multi-user MIMO and network MIMO. In [13] , this performance comparison was extended to include multi-user MIMO with 12 antennas per BS. Simulation results showed that HOS can achieve higher average user throughput than these MIMO techniques for some specific scenarios. Recently, in [14] , the impact of antenna beamwidth on HOS performance was analysed. Moreover, in [15] , a study of HOS performance in a LTE network using 3GPP compliant simulations was presented.
In [16] , a study of dynamic cell expansion with multiple sectors for energy efficiency improvement was presented, in which vertical sectorization was exploited.
The above research works indicate the potential of HOS, but only consider universal frequency reuse schemes and no inter-cell interference coordination techniques. As it will be presented in Section V, HOS deployments with universal frequency reuse can lead to severe inter-cell interference and very high outage probability. In contrast, in OFDMA networks, fractional frequency reuse (FFR) schemes can be used to mitigate inter-cell interference, and have the potential to optimize the tradeoff between overall network and celledge performance [4] , [23] , [24] . The performance evaluation of HOS without interference mitigation techniques (such as frequency reuse schemes) may not provide proper recommendations for HOS deployments. Thus, we suggest that these two technologies should be developed and analysed in conjunction.
In addition to the mentioned issues, the above evaluations of HOS performance in OFDMA networks rely on traditional simulation based approaches that have been used in LTE networks [25] . In order to have an effective evaluation of HOS deployments, a fast and effective analytical tool for system level performance evaluation of HOS deployments with FFR schemes in OFDMA networks is highly demanded. Such analytical tool can also help achieving the research target of supporting the reproducability of performance evaluations conducted by different researchers [41] .
In this paper, in view of the aforementioned research problems, we investigate HOS deployments with FFR schemes in OFDMA networks, and develop a novel statistical model to theoretically characterize their performance. The main contributions of this paper are summarized in the following:
• We have developed a unified and accurate statistical analytical model for the performance evaluation of HOS deployments with FFR schemes in OFDMA networks. In the proposed model, we concentrate on a strict FFR scheme [4] , [23] , [24] , and apply the widely used FentonWilkinson method to approximate the sum of log-normal distributed interferers as log-normal distributed random variables (RVs) [28] . We also extend the analytical model to correlated interferers [29] . The proposed model provides a fast and effective tool for performance evaluation, and can be used to aid network planning and optimization procedures in HOS deployments. In the literature, many analytical models have been developed for mobile cellular networks including the increasingly popular stochastic geometry based models (e.g. [3] , [5] , [24] , [26] , [27] , [35] , [36] ), but sector antenna radiation pattern and correlated shadowing have not been taken into account.
• We have investigated the impact of inter-cell interference mitigation in HOS deployments with FFR schemes in OFDMA networks in terms of overall network throughput and user outage probability. We propose a spectrum efficiency based user classification method for FFR schemes that improves resource utilization and allocation fairness in HOS deployments.
• With both analytical and simulation evaluation approaches, which provide cross verification and higher reliability, we have conducted a comprehensive performance evaluation of HOS deployments using an abstracted LTE link level model. The impacts of 3D antenna radiation pattern, FFR schemes and many other system parameters on the network performance (e.g. user signal quality, site throughput and outage probability) are considered. Different HOS, FFR and user classification combinations are compared.
A diminishing performance gain with the number of sectors is observed. The numerical analysis of HOS deployments sheds some new light in this research area. The rest of this paper is organized as follows. In Section II, the system model and assumptions are introduced. In Section III, various user classification methods for FFR schemes are presented. In Section IV, an analytical model is developed for HOS performance analysis with and without FFR schemes. In Section V, the numerical results and discussions are presented. In Section VI, the conclusions are drawn.
II. SYSTEM MODEL
We consider the BS configurations with 3, 6 and 12 sectors. For the 3-sector BS configuration, a clover-leaf network layout is used. 1 It is important to note that the analytical model developed in this paper is general, and can also be used for higher order sectorization as well as other network deployment layouts. Fig. 1(a) shows an example of the 3-sector BS hexagonal network layout with 1 tier of interfering BSs. For the 6-sector and 12-sector BS configurations, the BSs are placed at identical locations, but the main directions of the sector antennas are offset with respect to the 3-sector layout to avoid neighbouring sectors pointing each other. Fig. 1(b) shows an example of 6-sector BS network layout. It is important to note that the analytical model developed in this paper is general, and can also be used for higher order sectorization as well as other network deployment layouts.
Using these network layouts, let us consider a cellular network with N sites sites equipped with one BS each, where the i th BS (i ∈ [1, N sites ]) is located at B i . The inter-site distance is denoted by R ISD . The number of sectors per BS is denoted by N a , and as indicated earlier, we concentrate our analyses on BS configurations with N a = 3, N a = 6 or N a = 12. The j th sector of the i th site is denoted by A i, j , where i ∈ [1, N sites ] and j ∈ [1, N a ]. Let ϑ i, j denote the horizontal angle of the main radiation direction of sector A i, j , which is set to
, with ϑ i,1 = −π/6 for the 3-sectors and ϑ i,1 = −π/12 for the 6-sector and 12-sector BS configurations, respectively.
Users are assumed to be uniformly distributed within each service area. Without loss of generality, we focus our analysis on the performance of users associated with sector A 1,1 , and assume that BSs are equipped with a round-robin scheduler. We also consider a fully loaded network, in which the frequency resources allocated to each sector are fully used. Table 1 lists the main notations used in this paper.
A. Channel Model and Antenna Radiation Pattern
Since we consider a fully loaded network, we focus our studies on the transmission performance of one physical resource block (PRB), which represents the basic timefrequency resource unit available for data transmission in LTE networks.
Let us consider a general user u located at position L u with coordinates (x u , y u ) inside sector A 1,1 . Let D i,u be the distance between BS i and user u, and ϑ i, j,u be the angle between the main radiation direction of sector A i, j and user u, which can be calculated by basic geometric methods.
Let us now define the signal power P i, j,u received by user u from sector A i, j as
where P t is the BS transmit power over a PRB, G PL (i, u) is the path gain (loss) between BS i and user u, ψ i,u is the shadow fading between BS i and user u, and G A (i, j, u) is the antenna gain between sector A i, j and user u. For ease of notation, we let P r,i,j,u = P t G PL (i, u)G A (i, j, u) denote the mean received power by user u from sector A i, j . The path gain (loss) G PL (d) models the propagation loss between BS i and user u. The model specified in [6] for outdoor line-of-sight communications is used,
where d is the distance between BS i and user u. The shadow fading ψ i,u models the variability of the path loss between BS i and user u, which is assumed to follow a log-normal distribution with location value of 0 and scale value of σ [6] . Moreover, the shadow fading within sectors of a site is assumed to be fully correlated, while the inter-site shadow fading correlation is denoted by ρ.
The antenna gain G A (i, j, u) models the gain of the antenna in the direction between sector A i, j and user u,
where G A,max is the maximum antenna gain, and G A,h,v (ϑ, θ ) is the 3-dimensional antenna radiation pattern with horizontal angle ϑ and vertical angle θ .
is calculated using the model in [6] as
where G A,h (ϑ i, j,u ) and G A,v (θ i, j,u ) are the normalized horizontal and vertical radiation pattern offsets of the sector antenna, and G dB Front is the antenna front to back ratio.
and
where ϑ 3dB and θ 3dB are the horizontal and vertical half-power beamwidth (HPBW), and θ down is the down-tilt angle. Taking into account the previous definitions, the signal to interference plus noise ratio (SINR) γ u of user u located at (x u ,y u ) within sector A 1,1 âŁž can be calculated as where S u ≡ P i, j,u is the designated signal for user u, Intra,u and Inter,u are the set of IDs of intra-site and inter-site interfering sectors with regard to user u, respectively, which are determined by the used frequency reuse scheme, and δ 2 is the noise power, which can be calculated as the product of the noise figure and the signal bandwidth. With the assumption of a fully loaded network, the downlink communication is generally interference limited, therefore the impact of noise is negligible and is not considered in this paper.
It is important to note that P i, j,u is a log-normal variable, and can be uniquely characterized by its mean and variance, which are denoted by P i, j,u and P i, j,u , respectively.
III. USER CLASSIFICATION FOR FRACTIONAL FREQUENCY REUSE SCHEMES
In this paper, we considered a strict FFR in this paper. However, it is noted that the proposed user classification method and analytical model are not limited to the strict FFR scheme, but can work with other variants of FFR schemes, such as soft FFR schemes [4] . In the strict FFR, the available bandwidth (denoted as W ) is divided into two sub-bands, cellcentre and cell-edge sub-bands, (the bandwidth of which are denoted as W c and W e , respectively), where β is the bandwidth partition coefficient, i.e., W c = βW and W e = (1 − β)W . Moreover, cell-centre sub-bands use a frequency reuse factor of 1 (IFR-1), while cell-edge sub-bands use a frequency reuse of factor 3 (IFR-3). An identical downlink transmit power is applied to both sub-bands. Fig. 2 shows an example of FFR bandwidth reuse for cellcentre and cell-edge in 3-sectors and 6-sectors configurations.
It is noted that the shapes of sector coverage shown in Fig. 2 
A. Distance-Based User Classification (UC-Dist) Method
With the distance-based classification method, a user is classified as cell-centre user if its distance to the serving BS is less than a given distance threshold, i.e, α R ISD /2, where α is the so-called distance coefficient, 0 ≤ α ≤ 1; otherwise it is classified as cell-edge user. In the following, this user classification method is abbreviated as UC-Dist α method.
It is noted that IFR-1 and IFR-3 schemes can be regarded as two specific cases of the UC-Dist α method, where α is set to 1 and 0, respectively. This method however has some drawbacks.
• As user position information is required, this method may have limited application in real cellular networks.
• For BSs with omni-directional antennas, a smaller distance between the serving BS and the user usually means better SIR and therefore improved spectrum efficiency. However, this is not always the case for BSs with sector antennas. The UC-Dist α method may thus result in a low spectrum efficiency when considering sector antennas.
• Another potential issue is that the proportion of traffic generated by the users in the centre and edge zones may quickly change in the time domain due to user mobility, traffic patterns, etc. This may lead to an unfair frequency resource sharing between cell-centre and cell-edge users.
B. RSS Based User Classification (UC-RSS) Method
In [20] , an alternative user classification method based on user relative RSS was proposed. With the RSS-based classification method, a user is classified as cell-centre user, if the received signal strength from the best serving cell is 3 dB higher than that received signal strength from the strongest neighbouring cell; otherwise it is classified as cell-edge user. In the following, this user classification method is abbreviated as UC-RSS α method.
The UC-RSS method solves the problems faced by the UC-Dist α method when using sector antennas, but suffers from the same unfair frequency resource sharing and mobility issues.
C. Spectrum Efficiency-Based User Classification (UC-Spe) Methods
As both distance-and RSS-based methods may not be responsive enough to cope with traffic fluctuations when having a fixed bandwidth partition for cell-centre and celledge users, we propose a spectrum efficiency-based user classification method for FFR schemes, with the following objectives:
1) To maximize spectrum efficiency of the entire network.
2) To maximize the resource allocation fairness between cell-centre and cell-edge users. 3) To minimize the overhead, and enhance the flexibility.
Within the cell-centre and cell-edge zones, various resource partition and scheduling algorithms may be used. In the proposed user classification method, we first estimate the SIR and the throughput of users as both cell-centre and cell-edge users, and then decide which users should be classified as cell-centre and cell-edge users, by the following procedure.
Suppose there are N user active users in sector A 1,1 , and let c and e respectively denote the sets of cell-centre and cell-edge users after the prior user classification procedure completes, and N c and N e respectively denote their cardinalities, where N user = N c + N e . In order to achieve fairness, ideally the number of users in each set should be proportional to the bandwidth of each sub-band, i.e.,
where N c = β N user , as the number of users needs to be an integer. It is noted that the users within a given group are assumed to have similar bandwidth requirements. The proposed resource sharing criterion in (8) can be changed to achieve a given tradeoff between fair spectrum allocation and throughput with the introduction of a resource sharing control variable w c,e , which can be defined as
where w c,e = 1 in this paper for the sake of simplicity. Let γ c,u and γ e,u denote the SIRs of user u as cell-centre and cell-edge user, respectively, and let X c,u and X e,u denote the throughput that can be achieved by user u as cell-centre and cell-edge user, respectively. Moreover, let F (x) define a function to calculate the user capacity per unit of bandwidth based on the user SIR x (The proposed user classification method can work with different user capacity functions).
According to previous definitions and assuming a round robin scheduler, the user throughput as cell-centre and celledge user can be calculated as
Then, the site throughput can be calculated as the multiplication of the number of sectors (N a ) and the sector throughput from (13)
Let X c−e,u also define a new variable referred to as throughput difference that represents the difference between X c,u and X e,u for user u, which is calculated as
According to (13) , in order to maximize X site , the users with larger throughput difference should be chosen as cellcentre users with higher priority. We thus sort the set of users according to X c−e,u for u = 1, . . . , N user in decreasing order, and then choose the first N c users as cell centre-users and the remaining N user − N c users as cell-edge users. As a result,
Algorithm 1 User Classification Method UC-Spe-Acc
Input: A set U of users to be classified; Bandwidth partition coefficient β; Output: A set c of center users and a set e of edge user; 1 : c = φ, e = φ; 2: Calculate the expected number of cell-centre users N c by (8) .
3: Each user u estimates γ c,u and γ e,u by measurement; 4: Calculate X c,u , X e,u and X c−e,u for u ∈ U ; 5: Each user u reports X c−e,u to the serving BS. 6: The serving BS sorts X c−e,u (u ∈ U ) in decreasing order; 7: Add the first N c users in the sorted set to the set of cell-centre users c ; add the remaining users to the set of cell-edge users e . 8: Perform scheduling. 9: Return.
we avoid a fixed user to bandwidth mapping as in the UC-Dist and UC-RSS methods.
It is noted that in the above method, the actual mean SIR is used in the user throughput calculation. This method with accurate SIR is abbreviated as UC-Spe-Acc method. Algorithm 1 presents the pseudocode of the proposed UC-Spe-Acc method.
In order to simplify the SINR classification process, we propose an alternative user classification method in which an approximated SIR instead of an actual SIR is used. In this approximation, the RSS from the cell that generates the maximum interference to the user is used to calculate the approximated interference and SIR γ c,u and γ e,u of user u as a cell-centre and cell-edge user:
In the above equations, the maximum single cell interference to user u is multiplied by a coefficient C app to approximate the overall network interference. After sampling the values in the range [1, 2.5] for coefficient C app in the studied scenarios, we set C app to 1.5, and implement an alternative user classification method following the procedure shown in Algorithm 1. This method with approximated SIR is abbreviated as UC-Spe-App method. Note that the SIR approximation is used only in the user classification process. The actual SIR is used in the network performance evaluation by simulation and analytical approaches. The spectrum efficiency user classification methods are viable. The core of the spectrum efficiency based user classification method is on the measurement of SIR. Usually the SIR and throughput are dominated by a few close interfering sectors/BSs. As specified by 3GPP UEs are required to periodically measure and report the reference signal received power from the neighbour cells for cell search and hand over purposes [1] , they are readily available for the user classification process. The time resolution of the proposed classification method can be set as that used for user handover.
IV. ANALYTICAL PERFORMANCE MODEL FOR FRACTIONAL FREQUENCY REUSE SCHEMES
As indicated in Section II, we focus our analysis on the performance of users associated with sector A 1,1 , based on which the overall network performance can be calculated. With the above user classification strategies, a user located anywhere within the service area of sector A 1,1 can be classified as cellcentre or cell-edge user.
In
A. SIR Distribution for a Cell-Centre User
As an IFR-1 scheme is applied in the cell-centre sub-band, a cell-centre user within sector A 1,1 is subject to interference from the sectors of BS 1 other than sector 1 as well as all sectors of all neighbouring cells. Therefore, for a cell-centre user u of sector A 1,1 , we have the following expressions for the sets of IDs of intra-site and inter-site interfering sectors
According to (7), the SIR γ c,u of user u within sector A 1,1 as a cell-centre user can be calculated as
where I c,i,u is the sum of the interference generated from the different sectors of the i th BS to user u, i.e.,
Note that I c,i,u is a log-normal RV as it has been assumed that the shadow fading within sectors of a site is fully correlated in Section II.
Let μ I c,i,u and σ I c,i,u denote the mean and the standard deviation of the normal distribution associated with I c,i,u , respectively, which can be calculated by
Let us also define two new variables. Y 1,c,u = Na j =2 P r,1, j,u P r,1,1,u , and Y sum,c,u , which is the interference from neighbouring cells to signal ratio for cell-centre user u, i.e.,
where I sum,c,u is the sum of the interference from the neighbouring cells to cell-centre user u, and can be calculated as I sum,c,u = N sites i=2 I c,i,u . It is important to note that Y 1,c,u is a deterministic variable, while Y sum,c,u is a RV.
Based on these two variables, the SIR γ c,u for cell-centre user u within sector A 1,1 can be expressed as
In order to calculate the mean of γ c,u , the sum of the interference I sum,c,u of the N sites − 1 correlated neighbouring cells to user u is approximated by another log-normal variable, where μ I sum,c,u and σ I sum,c,u denote the mean and standard deviation of the normal distribution associated with the log-normal approximation I sum,c,u , respectively. Then, we can apply the method used in [30] to calculate the sum power of correlated log-normal RVs. The method has a lower complexity and still an acceptable accuracy compared to several other approximation methods [31] , [33] , [34] . According to such method, μ I sum,c,u can be calculated as
and σ I sum,c,u can be calculated using (26) . 
With the approximation of I sum,c,u as a log-normal variable and because S u is also a log-normal variable, Y sum,c,u in the form of (23) is also known to be a log-normal variable, where μ Y sum,c,u and σ Y sum,c,u denote the mean and standard deviation of the normal distribution associated with the lognormal variable Y sum,c,u , respectively.
As I sum,c,u and S u are correlated, let ρ I sum ,S,c,u denote the correlation coefficient between I sum,c,u and S u . Then, we can write that In this case, the only unknown variable to calculate μ Y sum,c,u and σ Y sum,c,u is ρ I sum ,S,c,u . We can use the method proposed in [40] to calculate ρ sum,S,c,u 
After we have calculated the mean μ Y sum,c,u and standard deviation σ Y sum,c,u of the normal distribution associated with log-normal variable Y sum,c,u , the probability density function of γ c,u given by (24) can be determined accordingly. It is noted that for a general log-normally distributed RV X, with parameters μ X and σ X being the mean and standard deviation of X's natural logarithm, the probability density function (denoted by f X (x; μ X , σ X )) of X can be expressed as
Then, the mean of γ c,u denoted by γ c,u for cell-centre user u can be calculated as
where γ c,u can be obtained by simple numerical integration tools according to (32) . Based on the previous derivations, the throughput X c,u that can be achieved by user u as a cell-centre user can be calculated by (10) .
1) Outage Probability:
Let us now define outage probability as the probability that the instantaneous SIR of a user is less than a given threshold. Then, the outage probability O c,u,γ thr for a cell-centre user u with a given SIR threshold γ thr can be calculated as
where Y thr,c,u = 
B. SIR Distribution for a Cell-Edge User
As an IFR-3 scheme is applied in the cell-edge sub-band, a cell-edge user within sector A 1,1 is subject to interference from a subset of sectors. Therefore, for a cell-edge user u of sector A 1,1 , we have the following expressions for the sets of IDs of intra-site and inter-site interfering sectors
Let γ e,u denote the SIR of user u as a cell-edge user, and I e,i,u denote the sum of the interference generated from the different sectors of the i th BS to user u. It is important to note that apart from the expressions of the sets of IDs of the intra-site and inter-site interfering sectors for cell-centre and cell-edge users, the expressions of SIR γ e,u and I e,i,u for cell-edge users are the same as (19) and (20) for cell-centre users, respectively. Therefore, the same approach to compute the user SIR and other relevant performance metrics for cellcentre users can be readily applied for cell-edge users.
With N a < 4, the calculation of SIR γ e,u of user u as a cell-edge user can be simplified as
where I e,i,u is calculated as
μ I e,i,u and σ I e,i,u are the mean and standard deviation of the normal distribution associated with the log-normal variable I e,i,u , which are calculated as
Let us now define Y sum,e,u as the sum interference from neighbouring cells to signal ratio for cell-edge user u, i.e.,
where I sum,e,u is the sum of the interference from the neighbouring cells to cell-edge user u, and can be calculated as I sum,e,u = N sites i=2 I e,i,u . Then, as for cell-centre users in the previous subsection, I sum,e,u can be approximated by a lognormal RV where μ I sum,e,u and σ I sum,e,u denote the mean and standard deviation of the normal distribution assocaited with I sum,e,u , respectively, which can be determined using the same approach as for determining (25) and (26), respectively, With the approximation of I sum,e,u as a log-normal RV and because S u is also a log-normal RV, Y sum,e,u and γ e,u are also known to be log-normal RVs. Let μ Y sum,e,u and σ Y sum,e,u denote the mean and standard deviation of the normal distribution associated with Y sum,e,u , respectively, which can be determined using the same approach as for determining (29) and (30), respectively.
Let μ γ e,u and σ γ e,u denote the mean and standard deviation of the normal distribution associated with the log-normal RV γ e,u . According to the properties of the lognormal RVs, we can write that μ γ e,u = −μ Y sum,e,u and σ γ e,u = σ Y sum,e,u . Then, the mean of γ e,u denoted by γ e,u for cell-edge user u can be calculated as
Based on the previous derivations, the throughput X e,u that can be achieved by user u as cell-edge user can be calculated using (11) .
1) Outage Probability:
The outage probability O e,u,γ thr for a cell-edge user u with a given SIR threshold γ thr can be calculated as O e,u,γ thr = Prob(γ e,u < γ thr )
where (x) is the cumulative distribution function of the standard normal distribution.
C. System-Level Performance Analysis
Due to the symmetry of the sector structure and the full load traffic assumption, it is expected that all sectors have very similar performances. Therefore, the analysis of a representative sector (say sector A 1,1 ) is sufficient for system-level performance analysis.
In order to facilitate the analytical evaluation of the systemlevel performance, the whole sector A 1,1 service area is divided into segments with equal size of d res × d res m 2 by equally spaced horizontal and vertical lines. It is noted that the segmentation approach is only applied to the analytical model for theoretic analysis purpose. In the simulations, the users are randomly distributed following a uniform distribution. The segments are given IDs (k, l), k denoting the row number and l denoting the column number associated with the segments. Segment (0,0) corresponds to the top left segment. Let each segment with ID (k, l) be represented by its centre point (denoted by M k,l ), which has a location L M k,l . For modelling purpose, the users are randomly located at the centres of the segments with uniform distribution, and are associated to only one sector according to their received signal strength. For simplicity, we have assumed that users are uniformly distributed in the network, but the model can work with any other user distribution.
Let us recall that c and e denote the sets of cell-centre and cell-edge users in sector A 1,1 , respectively, where N c and N e denote their cardinality, respectively. As the locations of users in sector A 1,1 are known, the sets c and e can be determined according to the user classification methods described in Section III. Specifically for the traditional IFR-1 scheme e = φ and N e = 0, while for the traditional IFR-3 scheme c = φ and N c = 0. Then, we can approximate the system-level performance as follows.
Let γ net denote the mean SIR of the entire network,
where γ c,u and γ e,u are computed by (19) and (36), respectively. Similarly, we can calculate the site throughput X site by (13) and the outage probability O net,γ thr of the entire network with respect to a SIR outage threshold γ thr by
V. NUMERICAL RESULTS
A. System Configurations
In total, twelve system configurations presented in Table II  with 3, 6 and 12 sectors per BS are evaluated and compared, using the proposed analytical model as well as system-level simulations. Analytical results are obtained using Matlab numerical tools, where simulation results are averaged over 2000 simulations runs. The corresponding bandwidth partition coefficient β was set to 0.5, unless stated otherwise, meaning that cell-centre users benefit from 50% of the bandwidth. Table III presents the most relevant system parameters.
In the simulations, the users are uniformly distributed within the coverage area of sector A 1,1 . The user density used in the simulations is 0.0025 active user per square meter.
For the numerical evaluation, we use a spectral efficiency function F (x) which approximates an abstracted LTE link level model from the Vienna LTE link level Simulator [41] , with 2x2 antenna mode, open loop spatial multiplexing (OLSM) and adaptive modulation and coding (AMC). The original LTE link-level model (presented in [34, Fig. 9] ) mapping channel SNR (dB) to spectral efficiency (bps/Hz) is approximated by the following spectral efficiency 
where the function input x corresponds to SIR value in dB, and the polynomial coefficients c i are determined by a Matlab curve fitting tool as 0.5935, 0.09151, 0.001567, 0.0001185, 1.8e-05, 1.0e-06, 1.3e-08, for i = 0, 1, . . . , 6, respectively. The analytical model can be applied to work with other abstracted link level models.
B. Network Performance
Figures 3 and Figures 4 show the network performance in terms of mean user SIR, mean site throughput and mean outage probability, against the various presented system configurations for R ISD = 500 m and R ISD = 1000 m, respectively. In the figure, the 5%-tile site throughput performance is shown. The 95% confidence intervals for mean user SIR, mean site throughput and mean outage probability are also presented. From these results, it can be observed that analytical results closely match system-level simulation results. In more detail, the average difference between analytical and system-level simulation results is less than 5%. This fact shows the accuracy of our proposed analytical model, one of the main contribution of this paper. This accuracy enables the use of this analytical tool as an effective method to predict network performance in a fast and reliable manner. For example, optimization tools that attempt to find a proper antenna orientation and downtilt in HOS deployments can use the proposed analytical model to quickly search over different candidate configurations and find the best performing one. Table IV and Table V provide more detailed information about the mean site throughput and mean outage probability for the different system configurations, indicating the relative performance gains with respect to S3/IFR1. In Tables IV and V, the rows with labels 'Mod' and 'Sim' correspond to the results with path loss and shadowing fading only (modelled and simulated, respectively); while the rows with labels 'Sim-Small' correspond to the results with path loss, shadowing fading and fast fading (simulated). The fast fading follows a Rayleigh distribution with scale parameter set to 2/ √ π to have a mean value of 1 for the Rayleigh distribution. It can be observed that there is a small difference between the throughput results obtained without and with fast fading under the investigated system settings, mainly due to the averaging over a large number of snapshots. There is a small increase in outage probability when fast fading is considered. As the fast fading impact is negligible in this scenario, fast fading is not considered in the simulations in the remaining of the paper. Moreover, it is noted that mean deviation of mean site throughputs with UC-Spe-Acc and UC-Spe-App methods was less than 1.4 % indicating that our approximation is accurate.
As a consequence, results with UC-Spe-Acc method are not shown in this section for the sake of space.
1) Impact of the Number of Sectors per BS on System Performance:
If we compare the configurations with 3, 6 and 12 sectors per BS, it can be observed from Fig. 3 that:
• Average network SIR decreases with increasing number of sectors per BS. This is due to the larger inter-cell interference introduced by more sectors per BS.
• Average site throughput increases with increasing number of sectors per BS. This is due to the lager spatial reuse introduced by more sectors per BS, which outweighs the SIR decrease. However, it is important to note that doubling the number of sectors per BS does not double the site throughput. Indeed, when we move from S3/IFR1 to S6/IFR1, the average site throughput increases by 71 %, while when we move from S6/IFR1 to S12/IFR1, the average site throughput increases by 50 % (see Table IV for detail analysis of average site throughput gains). This indicates that there is a diminishing performance gain with the increasing number of sectors per BS due to interference, and adding more sectors per BS may not always increase the average network throughput in a cost effective manner. Similar trends are observed for Fig. 4 with R ISD = 1000 m, and the other user classification methods. This highlights the importance of frequency reuse schemes, which can be an important solution to the above problem by achieving linear throughput gains while maintaining relatively low outage probability.
2) Impact of User Classification Methods on System Performance: If we compare the configurations with different user classification methods, it can also be observed from Fig. 3 that:
• Due to the lack of inter-cell interference coordination, IFR1 provides the worst mean and 5%tile SIR performance, which translates to the largest mean outage probability. Indeed, IFR1 results in a high mean outage probability of 12% for the 3 sector case and 24% for the 12 sector case. As a note, it is interesting to observe that IFR1 outperforms RSS in terms of mean average throughput. This is because the mean throughput of IFR1 is driven by its cell-centre users, which benefit from the larger available bandwidth in IFR1 than in RSS. However, the better inter-cell interference coordination of RSS results in a better 5%-tile throughput.
• Due to inter-cell interference coordination and the enhanced user classification method, SE provides the best mean and 5%tile SIR performance, which is translated into the lowest mean outage probability. SE decreases the mean outage probability with respect to RSS by around 73% for the 3 sector case and 22% for the 6 sector case. This shows the better fairness of the proposed user classification method. In SE, all users receive the same amount of bandwidth regardless of their positions, and as a by-product more users are classified as cell-edge users and thus benefit from inter-cell interference coordination. In terms of mean average throughput, SE significantly outperforms RSS with gains of 19% for both 3 sector and 6 sector cases, at the expense of some slight degradation on 5%-tile throughput for the 6 and 12 sector cases. As mentioned before, since more users are classified as cell-edge users, the outage probability decreases, but also the 5%-tile throughput. Note that this trade-offs can be controlled by using the bandwidth partition coefficient β, as it is shown in the next section. The different system configurations with R ISD = 1000 m follow the same trends, as shown in Fig. 4 .
C. Impact of Bandwidth Partition on FFR Performances
In the following, a study is performed to assess how the different system configurations may perform under different bandwidth partitions to cell-centre and cell-edge users. In order to do this, the bandwidth partition coefficient β is varied between 0 and 1 with a step size of 0.1, and the corresponding site throughput and resource allocation fairness are calculated.
The widely used Jain's fairness index is used to measure the resource allocation fairness [42] . Assume that there are N c cell-centre users and N e cell-edge users after running the user classification method, which have been allocated a bandwidth βW all and (1 − β)W all , respectively, and that the available bandwidth in each band is equally shared among the existing users (i.e., round robin). Then, the resource allocation fairness can be calculated using Jain's fairness index [42] . ζ(β) can be calculated as:
For this setup, Fig. 5(a) shows the site throughput resulting from system configuration S6/DIST with α=0.7, S6/RSS, S6/SE and S6/SE-Acc, against the bandwidth partition coefficient β for R ISD = 500 m. Figure 5 (b) presents the corresponding outage probability, while Fig. 5(c) presents the corresponding resource allocation Jain's fairness index. Both simulation and analytical results are presented for site throughput and outage probability, while only simulation results are presented for the fairness index for readability.
First of all, it is important to note again that the analytical results closely match system-level simulation results, which demonstrates the accuracy of our analytical model.
In terms of the study, it is noted that S6/SE achieves the highest possible fairness index value for all bandwidth partition coefficients β, meaning that all users receive the same amount of bandwidth regardless of their positions and the bandwidth partition coefficient. This mitigates the impact of the user distribution and dynamics on the system performance. This was a design objective, which translates to a fairly comparable site throughput for all values of β. In more detail, S6/SE maintains a relatively high network throughput, which monotonically and slowly increases with β. Looking at the extreme cases, if β = 0, all the bandwidth is cell-edge bandwidth and all users are classified as cell-edge users. Thus the system suffers from resource muting. If β =1, all the bandwidth is cell-centre bandwidth and all users are classified as cell-centre users. Thus the system suffers from inter-cell interference. According to our results, β = 0.5 is a good operation point for this scenario, with close to the highest throughput and lowest outage probability.
In contrast, for S6/DIST and S6/RSS, since user classification is fixed and does not depend on β (but on distances and received signal strength, respectively), the fairness index significantly varies with β. As a result, all users do not always receive the same amount of bandwidth in the scenario, and thus the user distribution and dynamics as well as the bandwidth partition have a significant impact on system performance. For example, with regard to user distribution, if at a given point in time there are no cell-edge users according to the S6/DIST and S6/RSS user classification methods, the cell-edge bandwidth would be unused. This is inefficient and does not occur with SE, which has the capability to classify a user as cell-centre or cell-edge user on the fly according to traffic conditions. With regard to bandwidth partitioning, it is also important to note that for S6/DIST and S6/RSS, as a result of the fix user classification, the larger the β, the more resources are allocated to cell-centre users, and thus the larger is the resulting site throughput at the expense of a decreased celledge performance. As a result, the site throughputs of S6/DIST and S6/RSS monotonically increase with β, at the expense of fairness. It is important to note that with β = 0.6 the fairness indices of S6/RSS and S6/DIST are close to 1, and the site throughput of S6/RSS and S6/DIST are similar to that of S6/SE. However, the outage probabilities of S6/RSS and S6/DIST are much higher.
VI. CONCLUSION
In this paper, HOS deployments have been considered as a cost-effective approach to improve network capacity, and their performances have been analysed in detail. Towards this objective, a novel statistical model has been presented to theoretically characterize the HOS deployment performance in conjunction with a strict FFR scheme in terms of user signal quality, site throughput and outage probability.
Moreover, we have considered the impact of different user classification methods in the FFR scheme, and proposed a new spectrum efficiency-based user classification method that improves resource utilization and allocation fairness. It is important to note that the proposed statistical model can be easily extended to work with different BS placements and user distribution, as well as scheduling techniques. Our studies show that the average difference between analytical and system-level simulation results are less than 5% in terms of mean user SIR, mean site throughput, and mean outage probability, indicating a good accuracy of the proposed analytical model. In terms of mean site throughput, HSO provide a diminishing gain with the number of antennas due to inter-cell interference. Performance results also show that the proposed user classification method, SE, outperforms the RSS method with gain of 19% for both 3-sectors and 6-sectors cases. Moreover, it decreases outage probability with respect to the RSS method by around 73% for the 3 sector case and 22% for the 6 sector case. In the future, we are interested in investigating other FFR schemes and interference coordination schemes to HOS deployments. In addition we are interested in the investigation on the combination of azimuth and vertical sectorization to find out efficient settings to improve network performance.
